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Question 1 (12 marks)

k]
{a)  Evaluate I &

s V9 —x2

2-3x

Solve the inequality,
®) W e

<-2

(c)  The polynomial P(x)=2x* +kx? —1 is divided by x+2 and the
remainder is 7. Find the value of k.

(d) Find -j—x(e" tan™ x)

2
(¢)  Evaluate I cos® 2xdx.
0

Question 2 (12 marks)

(a) Given that 4 is the point (4,1) and B is the point (-1,5), find the
point P which divides the interval AB externally in the ratio 2.7,

® @
The function f(x)=x —e™* has one root which lies between

x =0and x =1. Use the ‘halving the interval’ method to find
an approximation to the root.

(ii)

How many times must we halve the interval to ensure that it
is correct to 1 decimal place.

2
(¢) Find I 2x 1—% dx using the substitution z =1 —-Jzﬁ .
0

Marks

Marks
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(d) By graphing or otherwise, simplify

@  sin?x+sin?(-x) 1

() tan”'x+tan”'(-x) 1

(iify  sin~ x—cos™(~x) 2
Question 3 (12 marks) Marks
(a) Find all the solutions to the equation cos& =cos28for0 < g <2x. 4

(b)

2
The region bounded by the function y = ———, the x-axis, 3
VxP+3

the y-axis and the line x =1, is shaded in the diagram above,
Find the volume of the solid formed when this region is rotated
about the x-axis.

(c) Let f(x):cosx+tan(§], —%sto.

® State whether or not the inverse function £~ (x) exists. 2
Give reasons for your answer.

(i)  The function f(x) has a zero near x =—1. Use Newton’s 3

method once to find a closer approximation to the zero.
Express your answer correct to 3 significant figures.
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Question 4 (12 marks) Marks

(a)

The points 4, B, P and Q lie on the circle which has its centre at O.
AB is a diameter and PC passes through the point Q. AP is equal
to BQ and LPOQ=0.

(L) Express ZAOP in terms of 4. 2
(ify  Prove that 4B is parallel to PC. 2
() Prove by induction that 3

dn+3n® +20°

is divisible by 3 for n=1,2,3...

(c)
Billy Bob and Betty Boop were bush wacking in a forest near a fire tower
standing 200m in height. Billy was 200m due east of the tower, while Betty was in
a direction south west of the tower. The angle of elevation from Betty to the tower
is 60°.
() Draw a diagram showing this information 1
(ii)  Find their distance apart to the nearest metre. 4
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Question 5 (12 marks) Marks

(a) Let AB be a tangent to the circle as shown. Find x in exact form where the
distances CD and DB are both equal to x, while the distance AB is x+1.

A

(b) A tray of meat is taken out of the freezer at —9°C and allowed to thaw in the
air at 25°C . The rate at which the meat warms follows Newton’s law of

cooling and so % =—k(T —25), with time # measured in minutes.

(i) Show that I’ =25— Ae™ s a solution of this equation, and find the value

of A. 2
(if) The meat reaches 8°C in 45 minutes. Find the temperature it reaches after
another 45 minutes. 2

(d) If the volume of a spherical ball is increasing at the rate of 29cm’s?, find the
rate of increase of the surface area when its radius is 60cm. 2

(¢)The velocity v ms™ of a particle moving in simple harmonic motion
along the x-axis is given by
v =8+2x—x*
{1 Between which two points is the particle oscillating?
(i)  What is the amplitude of the motion?
(iii)  Find the acceleration of the particle in terms ofx
(iv)  Find the period of the oscillation.

b ke i
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Question 6 (12 marks) Marks

@

PQat,at*)

0(2as, as?)

\ > X

The points P(Z,at, at’ )and Q(2as, asz) are variable points on the parabola
x> = 4ay such that the chord PQ passes through the point § (0, a).
The tangents to the parabola at points P and Q intersect at the point R.

(i) Show that the equation of the tangent to the parabola at 2
Pis y=tx—at®,

(i)  Show that st =-1. 2
(ili)  Show that the locus of the point R is coincident with the 3
directrix of the parabola.

Question 6 continues on the next page.
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(b) A particle moves in a straight line so that at time £,{¢ > 0) its acceleration g, is
given by

a=4x

where x is the displacement of the particle from the origin. The particle starts
its journey one metre to the right of the origin (at X = 1) with a velocity of

y=-2,
(i) Show that v =-2x. 2
(ii)  Express x as a function of ¢, 2
(iii)  Explain whether or not the particle ever moves to 1
the left of the origin.
Question 7 (12 marks) Marks

(a) A particle moves in a straight line and its position at time
t seconds is given by

.t t
x =3 sin—+ cos—
2 2

@ Find an expression for x in the form Rsin (% + a] , Where

Risareal numberand 0<a <2rx. 2

(ii)  Hence prove that the particle is moving in simple harmonic 2
motion about x =0.

(iii) For 0 <t < 4m, when is the speed of the particle equal to 1
0.5ms™?

Question 7 continues on the next page.
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(b) .

it is being
opened wall
fence \ of
\ house
\
\

A gate w metres long, is closed when it is at right angles to a fence and the
wall of a house. The fence and the wall are parallel. The gate opens out
towards the fence. The horizontal opening, created as the gate is opened is the
distance from the edge of the gate to the house so that it meets the house wall
at right angles. This distance 4, in metres, is shown in the diagram above. Let
9(1) radians be the angle of opening of the gate at time 7 seconds.

The gate is initially shut, but is opened at a rate of = radians per second.
1—-¢
(i) Show that A =w—-wcos6. 1
(i)  Show that & =sin™'¢. 1
dh wt

iii)  Show that — = . 1
(iif) i
(iv)  Using the substitution u =1-¢*, find an expression for 2

/1 in terms of .
t

N1-#2

dr=1.

(o]

1
(v)  Hence, using calculus, or otherwise, explain why j
1]
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STANDARD INTEGRALS
Ix"dx = ! ™, n=-1; x20, ifn<0
n+l
1
—dx =lnx, x>0
x
- 1l &
Ie dx =—e%, a%0
a
1.
Icosaxdx =—sginax, a0
a
Isinaxdx =——lcosax, a#0
a
Iseczaxdx =ltanax, az0
a
Isecaxtanaxcbc =lsecax, az0
a
_[ 21 —dx =—1—tan'1£,a¢0
a‘+x a a
I———l dx =sin?Z.4>0, ~a<x<a
g% —x? a
1 2 _ 2
Iz—;dx =1n(x+\/x —-a 1x>a>0
x°—a

I———zl 2a’x =1n(x+m)

NOTE: Inx=log,x, x>0

From 2002 HSC Mathematics Extension 1 Exam ©Board of Studies NSW 2002.
Reproduced with permission of the NSW Board of Studies.
(The Board of Studies NSW takes no responsibility for errors in the reproduction of
the Material supplied by the Board of Studies NSW.) jsh was here 2008
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MATHEMATICS EXTENSION 1

HIGHER SCHOOL CERTIFICATE
TRIAL EXAMINATION
SOLUTIONS
Question 1 (12 marks)
3 dx L 3
@ 5[ — =[sm ’g—]ﬂ (1 mark)
=sin1-sin~ 0
=z
2
I 2-3% ¢ -2 f
® | 2T - -2
: 20) 207D £ o 7 nExX< g
% T o T e
s gt
% 747 . ¢ aitfponsl [ —
450 +2L 29142 77“-2)-0 | waslia (e
2 67“"?’>é o M (3MnMAS>

© d\jt-&-’(o)
Plx)=2x* +kx* -1 . Cant WC e i

So, P(-2)=-16+4k—1 . - Fj" .

So, 4k -17=7 /
k=6 ii -

i —d—(‘tan“lx)=e"tan'1x+1:x2 N wﬂ/ CL@"'E’..
@ = (1 mark) for first term
1 (1 mark) for second term
2z 2% . 1
© Icosz 2xdx= .% (1+cos4x)dx since cos® 8 = 5(1 +c0s28) (1 mark) A&f'
0 0 R -
2z : pgu.t
1 1. S ol
=—|x+-—~sin4 (1 mark) X
2[} 4311:l x]o ﬁznoa) {EM{
=%{[27r+%sin8ﬂ:)—~(o+%sin0)} L enRM
=7 i .--""'—-_—

(1 mark)



Question 2 (12 marks) /
@) -

Pz[mx2+nxl,my2+ny1] &lg,l BC;LLéL

m+n m+n

wherem=-2andn="7 ; ga”) ’ W&'
So P=(—2x—1+7x4 -2x5+7x1 : WJ W 55[[
’ —247 =247 o ercv?%
-1 _ N
=[6,—53l] S -~
x)=x—e = \_’4'5 _
(b) f(x) xX—e DC‘ —-2:: — _%-’ ‘/\/
TS
(ﬁ'acﬁon) 2 8 16
x o 1 | 05 | 025 | 0.375 | 0.4375|
(decimal) - ;
fGx) |-1]086]| 0132 | -0.357 0,097 | 0.021

Since we know that the root lies between x=—126andx=—% then we know

that the root is equal to 0.4 (comect to 1 decimal place). v
w5 RERUIRED MWMB R OF APPLACHATIONS

L L TimeEs
2 x ' x du 1
= ety=1-—so—=—— fx=2u=0
(e) Jle de | letu zsadJc 5
¥ = du \
= j—4(u—1)u2 X—Z-Ex—dx So x=-2(u—1) and if x=0, u=1
i
of 3 1 )
=8l u? -u? |du (1 mark) for function
T (1 mark) for terminals

=853
R R o A
=32 st ‘“’_—Q |
15
(1 mark)
@ - @ Method 1 — graphically
, nol ll dove

ro




(1)

(i)

Using addition of ordinates, we see that
sin x+sin(-x)=0 (1 mark)

Method 2 — algebraically
sin™ x+sin™ (- x)
=sin?x—sin? x (because sin™' x is an odd function and hence

=0 t el sin~! (~x) = —sin* ())

Method 1 — graphically —

Usiﬁg addition of ordinates, we see that
tan! x+tan~' (—x) =0 (1 mark)

Method 2 — algebraically
tan™! x +tan ™ (— x)

=tanx—tan"x (because tan”* x is an odd function and hence

=0 tan”! (—x) =—tan"" x )
(1 mark)
Method 1 — graphically
¥y
F 3
4
z =sin? x
) hd
_'1 T > X
-7 =—cos ! (-x)
(1 mark)
Using addition of ordinates, we see that
| -1 -
sin™ x—cos™ (—x) =—2—
(1 mark)
Method 2 — algebraically
sin™! x—cos™ (- x)
=sin® x -7 +cos” x (1 mark)  (ge0ause
=§“‘7’ cos(—x) =m—cos” x
=z and
2 sin x+cos? x=2)
1 mark) 2



Quesﬁon 3 (12 marks) ‘ o - -

(a) cosé = cos28 0<0<2x
So cosf =2cos’ 8 -1 (Double angle formula) (1 mark)
So 2cos’f—cosf—~1=0 :
(2cos@ +1){cosé~1)=0 Qa mark)

c059=--—;- or cosé=1 Jouv Wzﬁ}b

2 4 uT
9=-§£,?ﬂ or 6=02r M( &_& (et

(1 mark) (1 mark) /

So, all the solutions are 0 %’f- ff-and 7.

Note, that a quick sketch of the graphs of
y=cos@and y=cos2f for0<f <27

will confirm that there are 4 solutions.

y
4

NAAL .,

1
()  Volume required =7 _[ —;——dx (1 mark)
§x"+3

- % ;[x;/i 3 = ' _ \/

iz x|
= T[tan-l T]D (1 mark) U) _
%[tan-l _j;_ tan™ o) _ C{ng/

4::1:’

J‘s
_ 243
)

cubic units. (1 mark)




© © Using addition of ordinates and the graphs of C—
y=cosxand y= m(-z-) sketch the graph of f{x).

D osnlin e pom

(1 mark)
"‘_JZZ WeOD Since f(x) is a 1:1 function, that is, no horizontal line crosses the
2 function more than once, the inverse function /' (x) exists.
(1 mark)
() Now f(x)=cosx+ tan(-’zi]
( So, f'(x)=-—sinx+ %secz(gj (1 mark)
Using Newton’s method we have,
S0

where x, is a closer approximation than x=~1.
1
-1)+ ——
cos(—1) fau( 2)
: 1 1
2

=-0-995974

—0-996 (correct to 3 significant figures)
(1 mark)

(1 mark)
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e, %’ C,
25C4

_ 1820x1

12650

_1s2

1265

(¢ (@@  Plallboys)=

(1 mark)
(i)  More boys will occur if there are 3 boys and 1 girl in the team or if

there are 4 boys.
P(more girls than boys) = P(3 boysand a girl) + (4 boys)

16 9
C,x’C; 182 .
.= + ig art
ST (from part(i))
_ 686
1265 ,
(1 mark) ‘

(iii)  Since the youngest boy is included we need choose only 3 people and
we don’t choose him or the oldest girl. So, we are choosing 3 people
from a fotal of 23.
23
3

P(youngest boy included and eldest girl excluded) = o
4

-L
50
(1 mark)

(iv)  From part (i) we know that the probability of the teacher choosing a

182
t hich contains only boys is ——.
eam which con only boys is 565

182 Y (1083

3 [
Required probability ="C, (%) [ES-S_) (1 mark)

= (.0985 correct to 4 decimal places (1 mark)

Question 5 (12 marks)
@ () Pis the point (2ar,ar*)
So, «x=2a, y=at

2a (1 mark)

So the equation of the tangent to the parabola at P is
y—at® =t(x-2at)
y=tx—at® asrequired (1 mark)

©THE HEFFERNAN GROUP 2003 Mathematics Extension 1 Trial Exam solutions



10

® O a=dx
d[—;— vz)
So, o =4x _ (1 mark)
1

—v? =2x? +¢ where cis a constant

[ ]

When x=1lv=-2

2=2+4¢, 50 ¢=0

L
2 .
v? =4x?
v=12x since x =1whenv =-2,rejectv=2x
So, y=-2x '
(1 mark)
. dx
i —==2
(i) — =
@ -
ax 2x
t=—%lnx+d where d is a constant (1 mark)
When x=1, t=0
= 1i0+a, s0d=0
2
So =—llnx
2
-2t=lnx
x=e
(1 mark)

(iii)  The particle is to the left of the origin for x < 0. Since x =e™, there

are no real values of # for which ¢ < 0 hence the particle never
moves to the left of the origin.

(1 mark)

©THE HEFFERNAN GROUP 2003 Mathematics Extension 1 Trial Exam solutions
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QuestionZ(IZ marks)

(a () Let J?Tsin—t-+cos£=Rsin(£+aJ, R>0
2 2 2
) . I .
= Rsin—cosa + Rcos—sing
2 2
So Rcosa:«/gandRsina=1
So R*cos’a=3and R*sina =1
Rz(cos2 o +sin? ar)= 4
R=2 (R>0)
(1 mark)
3 . 1
So cosor.=~——andsma=-2-
So =I
6
t t N -
S 3sin—+cos—=2 — =
o \/—sm2 c:.os2 sm[2 6)
(1 mark)
(ii) Now x =23in(£+£)
2 6
. t
X = CO§| — +—
{2 6]
. {t
¥ = ——gin| —+—
5+%)
1 x
= e
2 2
1
=—Zx- (1 mark)

2
So ¥= -[%) x and is clearly in the form ¥ = —»*x which

defines simple harmonic motion of a particle about x =0.
(1 mark)



®

(i)

From part (ii), x = cos(; + :J

Now, since * represents velocity and we are looking to find speed, we
need to consider both positive and negative values. That is we need to
1

solve cos(—t— +EJ =+—,
2 6 2

Since 0<t<4n, 0<—<2n

SO: tt——

b 3

oz
3
So the reqmred
T 71t
I =-—secs, ! = T Secs, ! = 5 secs and f = 37 secs.

(1 mark)

< W
—w-h—>

From the diagram above we have
w—h
cosf = ——
W

weosf=w—h
h=w-—wcosé asrequired
(1 mark)



(i)
g 1 (given)

Since -‘-i-t—— ,———l_tz
1
9=jﬁdt

Q=sin"t+e
t=0,8=0s0c=0
f =sin™'¢ as required

(1 mark)
Gi) Now, —=——=
Also " wsin @ (using part (i))

5o B_A A (hainmile)

(1 mark)

wt

(iv) .
dt  i-1

H
h=w dt letu =1-¢>
j«/l—t2 d
1du 1 — =4
=w|-———=dt
WI S a T dt
-1
=:.i‘ﬂ j'uzdu (1 mark)
1
=:I£u2>(2+c

2
h=—-wil—t% +¢
When =0, =0
0=—w-./I+c
c=w

h=-wil- +w
(1 mark)



(v) Now, h=w—-wil—t*
The gate is fully open when A=w.
So w=w—wyl—f
0=—-w1-¢> _
f=1 sincew#0ands20

(1 mark)
Also, from part (iii) we have

_ ¢
h~wfﬁdt

The distance covered between = Qandz=1isw.

1
t
So w=w dt
5[«/1—;*2

1

So [t =1 s required

oNi— £
(1 mark)
Question 7 (12 marks)
(a)
@) x=4[gtcosd
So t= x
JE cosé
In y#\/gtsihﬁ—%gtz
becomes y = \Ex sinf _1 g x*
d Jgcosd 2 gcos® 8
) 2 2
So, y=xtan0—x SZC g
(1 mark)
(i) From (i) we have
' 2 2
y =xtanf— x s;c é

=xtan0-—x—22-(1+tan2 )

Atpoint P, x = d cos30° and y = dsin30°
_Al3d d
2

2
(1 mark)






